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A THEORY OF RELATIVE GENERALIZED COHEN-MACAULAY MODULES
KAMRAN DIVAANI-AAZAR, AKRAM GHANBARI DOUST, MASSOUD TOUSI
AND
HOSSEIN ZAKERI
Abstract. Let a be a proper ideal of a commutative Noetherian ring R with identity. Using the notion
of a-relative system of parameters, we introduce a relative variant of the notion of generalized Cohen-
Macaulay modules. In particular, we examine relative analogues of quasi-Buchsbaum, Buchsbaum and
surjective Buchsbaum modules. We reveal several interactions between these types of modules that
extend some of the existing results in the classical theory to the relative one.
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1. Introduction
Throughout this paper, R is a commutative Noetherian ring with identity, a is an ideal of R and M is
a finitely generated R-module. A relative theory of system of parameters is introduced in [DGTZ]. Recall
that if R is local with the maximal ideal m and dimM = d, then a sequence x1, . . . , xd of elements of m
forms a system of parameters if and only if
Rad
(
〈x1, . . . , xd〉+AnnRM
)
= Rad (m+AnnRM) .
Although the Krull dimension seems suitable to define system of parameters, but in the relative case, we
appeal to the cohomological dimension c := cd (a,M). Indeed, a sequence x1, . . . , xc of elements of a is
said to be an a-relative system of parameters, a-Rs.o.p, of M if
Rad
(
〈x1, . . . , xc〉+AnnRM
)
= Rad (a+AnnRM) .
Contrary to systems of parameters which always exist, relative systems of parameters may don’t exist. It
is easy to see that a contains an a-Rs.o.p of M if and only if ara (a,M) = cd (a,M); see [DGTZ, Lemma
2.2]. (Here, ara (a,M) is the arithmetic rank of a with respect to M which is defined as the infimum
2010 Mathematics Subject Classification. 13C14; 13C05; 13D45.
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of the integers n ∈ N0 for which there exist x1, . . . , xn ∈ R such that Rad
(
〈x1, . . . , xn〉+AnnRM
)
=
Rad (a+AnnRM) .)
The notion of relative system of parameters enhanced the theory of relative Cohen-Macaulay modules.
For instance, when a is contained in the Jacobson radical of R and ara (a,M) = cd (a,M), it is shown
that M is a-relative Cohen-Macaulay if and only if every a-Rs.o.p of M is an M -regular sequence if and
only if there exists an a-Rs.o.p of M which is an M -regular sequence; see [DGTZ, Theorem 3.3].
There are several extensions of the notion of Cohen-Macaulay modules. One of them is the notion
of generalized Cohen-Macaulay modules which is very well studied; see e.g. [T2]. Quasi Buchsbaum,
Buchsbaum and surjective Buchsbaum modules are special types of generalized Cohen-Macaulay modules
that have been studied extensively in late 80’s; see e.g. [SV]. Among many characterizations of these
types of generalized Cohen-Macaulay modules, there are some well-known one, using system of parameters.
This provides hope for having a relative theory of these types of modules. This is what we are going to do
in this paper. The notions of filter regular sequences, weak sequences and d-sequences play an important
role in commutative algebra. Indeed, we impose some suitable properties of those sequences on relative
system of parameters to develop a theory for modules which are introduced below.
Definition 1.1. Let a be an ideal of R and M a finitely generated R-module.
(i) We know that for every i ≥ 0,
Hia (M)
∼= lim
−→n
ExtiR
(
R/an,M
)
.
Thus, there is a natural map
ϕiM : Ext
i
R
(
R/a,M
)
−→ Hia (M)
for all i ≥ 0. We say that M is a-relative surjective Buchsbaum if ϕiM is surjective for all
i < cd (a,M).
(ii) We say that M is a-relative Buchsbaum if cd (a,M) = ara (a,M) and every a-Rs.o.p of M is an
a-weak sequence on M .
(iii) We say that M is a-relative quasi Buchsbaum if cd (a,M) = ara (a,M) and every a-Rs.o.p of M
contained in a2 is an a-weak sequence on M .
(iv) We say that M is a-relative generalized Cohen-Macaulay if cd (a,M) ≤ 0; or cd (a,M) = fa (M).
Next, we will describe the organization of the paper together with its main results.
Section 2 is devoted to some preliminaries on properties of filter regular sequences, weak sequences and
d-sequences. In Remark 2.3, we reveal some of the existing relationships in the literature between these
three types of sequences. Then, we present some basic characterizations of these sequences. Theorems
2.6 and 2.7 are the main results of this section. The Koszul complexes, which assist us through the paper,
are the main ingredient of this section.
In Section 3, we establish some of the main properties of relative generalized Cohen-Macaulay modules.
Cuong, Schenzel and Trung in [CST, Satz 3.3] showed that every system of parameters of a generalized
Cohen-Macaulay R-module M is a filter regular sequence on M . Now, the question arises whether every
a-Rs.o.p of an a-relative generalized Cohen-Macaulay R-module M is an a-filter regular sequence on M?
Among other things, Theorem 3.3 gives a positive answer to this question.
In Section 4, we investigate relative Buchsbaumness. Assume that the ideal a is contained in the
Jacobson radical of R. In Theorem 4.1, we provide a characterization of a-relative quasi Buchsbaum
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modules via local cohomology modules. Theorem 4.2, among other things, indicates that a given finitely
generated R-module is a-relative Buchsbaum if there exists a generating set of a satisfying some certain
properties. Also in Corollary 4.3, we show that the classes of modules introduced in Definition 1.1 are
subset of each other from top to bottom; respectively. Theorem 4.8 reveals a close connection between
a-relative Buchsbaum R-modules and a-relative quasi Buchsbaum R-modules.
2. Koszul complexes and filter regular sequences
The Koszul complexes play an important role in this paper. In Definition and Remark 2.1, for the
readers convenience, we briefly state the construction of the Koszul complexes and recall some results
about these complexes. We obey the notation [BS, 5.2], which shall be used throughout of the paper
without further comments.
Definition and Remark 2.1. Let x := x1, . . . , xn be a sequence of elements of R, a := 〈x〉 and M an
R-module.
(i) For k ∈ N with 1 ≤ k ≤ n, we shall set
I (k, n) := {(i1, . . . , ik) ∈ Nk| 1 ≤ i1 < i2 < . . . < ik ≤ n}.
Let i ∈ I (k, n). For every 1 ≤ j ≤ k, we denote the j-th component of i by ij, so that i =
(i1, i2, . . . , ik). If k < n, then by the n-complement of i, we mean the sequence j ∈ I (n− k, n)
such that {1, 2, . . . , n} = {i1, . . . , ik, j1, . . . , jn−k}.
Let e1, . . . , en be n new symbols. We define a complex K• (x,M) as follows: Set K0 (x,M) :=
M and Kp (x,M) := 0 if p is not in the range 0 ≤ p ≤ n. For 1 ≤ p ≤ n, let Kp (x,M) :=⊕
i∈I(p,n)
Mei1ei2 . . . eip . Thus, when 0 ≤ p ≤ n, Kp (x,M) is effectively a direct sum of
(
n
p
)
copies
of M and a typical element of it has a unique representation of the form∑
i∈I(p,n)
mi1i2...ipei1ei2 . . . eip ,
where mi1i2...ip belongs to M for all i ∈ I (p, n).
The differential map dp : Kp (x,M) −→ Kp−1 (x,M), where 0 < p ≤ n is defined by setting
dp
(
mei1 . . . eip
)
=
p∑
r=1
(−1)r−1 xirmei1 . . . eˆir , . . . eip .
This complex is called Koszul complex of M with respect to x and is denoted by K• (x,M). Its
jth homology module is denoted by Hj (x,M). It is known that aHj (x,M) = 0 for all j.
(ii) An exact sequence
0 −→ L −→M −→ N −→ 0
of R-homomorphisms gives rise to a long exact sequence of Koszul homology modules:
· · · −→ Hi (x, L) −→ Hi (x,M) −→ Hi (x,N) −→ Hi−1 (x, L) −→ · · · .
(iii) Let i ∈ N0. We set Ki (x,M) := Kn−i (x,M) , and we denote the induced co-complex with
K• (x,M). Then one has:
Hi (x,M) = Hi
(
K• (x,M)
)
= Hn−i (x,M) .
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(iv) Let u, v ∈ N with u ≤ v. There is a morphism(
ψvu
)
=
((
ψvu
)
k
)
k∈Z
: K•
(
xu1 , . . . , x
u
n,M
)
−→ K•
(
xv1 , . . . , x
v
n,M
)
of complexes such that
(
ψvu
)
n
is the identity mapping of M ,
(
ψvu
)
0
is the endomorphism of M
given by multiplication by (x1 . . . xn)
v−u
and for every k = 1, . . . , n− 1 and i ∈ I (k, n),
(
ψvu
)
k
(
mei1 . . . eik
)
=
(
xj1 . . . xjn−k
)v−u
mei1 . . . eik ,
where j ∈ I (n− k, n) is the n-complement of i. Then {K•
(
xu1 , . . . , x
u
n,M
)
, ψvu}u≤v∈N is a direct
system in the category of complexes. For any i ∈ N0 and any R-module M , there is a natural
R-isomorphism
Hia (M)
∼= lim
−−→
u∈N
Hn−i
(
xu1 , . . . , x
u
n,M
)
,
and so there are the canonical maps λiM : H
i (x,M) −→ Hia (M).
(v) (See [SV, Lemma 1.5].) If b = 〈y1, . . . , ym〉 is another ideal of R with a ⊆ b, then for each i there
is a commutative diagram
Hi (y1, . . . , ym,M) //

Hi (x,M)

Hib (M) // H
i
a (M) .
Next, we recall the definitions of some sequences which play key roles in the study of the modules
introduced in Definition 1.1.
Definition 2.2. Let a be an ideal of R and M a finitely generated R-module.
(i) Following [CST], a sequence x1, . . . , xr of elements of R is called an a-filter regular sequence on
M if
〈x1, . . . , xi−1〉M :M xi ⊆
⋃
t∈N
〈x1, . . . , xi−1〉M :M a
t
for all i = 1, . . . , r. An a-filter regular sequence x1, . . . , xr on M is called an unconditioned a-filter
regular sequence on M , if it is an a-filter regular sequence on M in any order.
(ii) Following [T1, page 39], a sequence x1, . . . , xr of elements of R is called an a-weak sequence on
M if
〈x1, . . . , xi−1〉M :M xi ⊆ 〈x1, . . . , xi−1〉M :M a
for all i = 1, 2, . . . , r. It is an unconditioned a-weak sequence on M if xα11 , . . . , x
αr
r is an a-weak
sequence on M in any order for all positive integers α1, . . . , αr.
(iii) The theory of d-sequences was introduced by Huneke in [H] and Trung in [T1]. A sequence
x1, . . . , xr of elements of R is called a d-sequence on M if
〈x1, x2, . . . , xi−1〉M :M xixj = 〈x1, x2, . . . , xi−1〉M :M xj
for any 1 ≤ i ≤ j ≤ r (this is actually a slight weakening of Huneke’s definition). When
xn11 , x
n2
2 , . . . , x
nr
r form a d-sequence on M for all integers n1, n2, . . . , nr ∈ N, then x is called a
strong d-sequence on M . A d-sequence on M is termed unconditioned, u.s.d-sequence, when it
forms a strong d-sequence on M in any order.
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In the following remark, we collect some properties of the sequences that are already defined above.
Remark 2.3. Let a be an ideal of R and M a finitely generated R-module.
(A) We review the relationship between the three types of sequences introduced in Definition 2.2.
(i) Clearly, every a-weak sequence on M is an a-filter regular sequence on M . By [T1, Theorem
1.1(vi)] a d-sequence x1, . . . , xr on M is an a-weak sequence on M if a ⊆ 〈x1, . . . , xr〉.
(ii) By [T1, Theorem 1.1(vii)], a d-sequence x1, . . . , xr on M is an a-filter regular sequence on
M if a ⊆ Rad
(
〈x1, . . . , xr〉
)
. Also by [T1, Proposition 2.1], if x1, . . . , xr ∈ a is an a-filter
regular sequence on M , then there exist natural integers s1 ≤ · · · ≤ sr such that x
s1
1 , . . . , x
sr
r
is a d-sequence on M .
(iii) By [T1, Proposition 2.2], x1, . . . , xr ∈ a is a d-sequence on M if one of the following condi-
tions is satisfied:
(a) x1, . . . , xi−1, x
2
i is an a-weak sequence on M for all i = 1, . . . , r.
(b) x1, . . . , xr is an a-weak sequence on M in a
2.
(B) Below, we record three essential properties of filter regular sequences.
(i) Let x = x1, . . . , xr ∈ a be an a-filter regular sequence on M . Then by [AS, Proposition 2.3],
there are the natural isomorphisms
Hia (M)
∼=


Hi〈x〉 (M) for 0 ≤ i < r
Hi−ra
(
Hr〈x〉 (M)
)
for i ≥ r.
(ii) Let a = 〈x1, . . . , xr〉. By [TZ, Proposition 1.2], a has generators y1, . . . , yr which form an
unconditioned a-filter regular sequence on M . We call a such set of generators for a, an
f-generating set of a with respect to M . Note that for any positive integer ℓ, we may find an
f-generating set of a with respect to M such that it has more than ℓ elements.
(iii) A sequence x1, . . . , xr of elements of R is an a-filter regular sequence on M if and only
if for every 1 ≤ i ≤ r, the element xi doesn’t belong to the union of the elements of
AssR
(
M
〈x1,...,xi−1〉M
)
\V (a).
In the next result, we consider the situation in which a given filter regular sequence on M forms a
weak sequence on M .
Lemma 2.4. Let a be an ideal of R and M a finitely generated R-module. Let x := x1, . . . , xn be a
sequence of elements of a which forms an unconditioned a-filter regular sequence on M . Assume that the
natural map λiM : H
i (x,M) −→ Hi〈x〉 (M) is surjective for all 0 ≤ i ≤ n− 1. Then x is an unconditioned
〈x〉-weak sequence on M . In particular, x is an u.s.d-sequence on M .
Proof. Set b := 〈x〉. By induction on 0 < i ≤ n, we show that for any permutation δ of the set
{1, 2, ..., n} and all positive integers t1, . . . , tn, the sequence x
t1
δ(1), . . . , x
ti
δ(i) is a b-weak sequence on M .
Since λ0M is surjective, (0 :M b) = H
0
b (M). By Remark 2.3(B)(i), one has:
H0
〈x
t1
δ(1)
〉
(M) = H0a (M) = H
0
b (M) ,
and so (
0 :M x
t1
δ(1)
)
⊆ H0
〈x
t1
δ(1)
〉
(M) = H0b (M) = (0 :M b) .
Hence, the case i = 1 holds.
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Now, let 2 ≤ i ≤ n and the result has been proved for i − 1. Let σ be a permutation of the set
{1, 2, ..., n} and u1, . . . , un be positive integers. Set zi := x
ui
σ(i) for every 1 ≤ i ≤ n. By the induction
hypothesis, z1, . . . , zi−1 is a b-weak sequence on M , and it remains to show that
〈z1, . . . , zi−1〉M :M zi ⊆ 〈z1, . . . , zi−1〉M :M b.
By [T2, Lemma 3.5], one deduces that
〈zk1 , . . . , z
k
i−1〉M :M
(
z1 . . . zi−1
)k−1
= 〈z1, . . . , zi−1〉M +
i−1∑
j=1
(
〈z1, . . . , zˆj , . . . , zi−1〉M :M b
)
for all k ≥ 2. On the other hand, we have the following obvious containment
〈z1, . . . , zi−1〉M +
i−1∑
j=1
(
〈z1, . . . , zˆj , . . . , zi−1〉M :M b
)
⊆ 〈z1, . . . , zi−1〉M :M b.
So the argument will be complete, if we show that for each mi ∈ 〈z1, . . . , zi−1〉M :M zi, there exist
ni ∈ 〈z1, . . . , zi−1〉M :M b and l ≥ 2 such that
mi − ni ∈ 〈z
l
1, . . . , z
l
i−1〉M :M
(
z1 . . . zi−1
)l−1
.
Let mi ∈ 〈z1, . . . , zi−1〉M :M zi. Then zimi = −
∑i−1
j=1 zjmj for some elements m1, . . . ,mi−1 in
M . Clearly t :=
∑i
j=1mjej ∈ kerd1, where d1 : K1 (z1, . . . , zi,M) −→ K0 (z1, . . . , zi,M) is the first
differential map of the Koszul complexK• (z1, . . . , zi,M). By Definition and Remark 2.1(v), the following
diagram is commutative:
Hi−1 (x,M)
θ
//
λi−1
M

Hi−1 (z1, . . . , zi,M)
g1

Hi−1b (M)
h
// Hi−1〈z1,...,zi〉 (M)
By Remark 2.3(B)(i), h is an isomorphism. Also by the assumption, λi−1M is surjective. So, there is
z ∈ Hi−1 (x,M) such that g1
(
θ (z)
)
= g1 (t+ imd2). Suppose that θ (z) = f+imd2, where f =
∑i
j=1 njej.
Since bHi−1 (x,M) = 0, it follows that bf ⊆ imd2. It implies that xjni ∈ 〈z1, . . . , zi−1〉M for all
j = 1, . . . , n, and so ni ∈ 〈z1, . . . , zi−1〉M :M b. Now, one has
0 = g1
(
(t− f) + imd2
)
∈ Hi−1〈z1,...,zi〉 (M)
∼= lim
−→α
H1
(
zα1 , . . . , z
α
i ,M
)
.
So, there exists an integer l ≥ 2 such that ψl1
(
(t− f) + imd2
)
= 0, where
ψl1 : H1 (z1, . . . , zi,M) −→ H1
(
zl1, . . . , z
l
i,M
)
is the natural map induced by the map ψl1 given in Definition and Remark 2.1(iv). Thus, we have(
z1 . . . zi−1
)l−1
(mi − ni) ∈ 〈z
l
1, . . . , z
l
i−1〉M.
For the second assertion, note that by Remark 2.3(A)(iii), every unconditioned 〈x〉-weak sequence on
M is an u.s.d-sequence on M . So, it is obvious by the first assertion. 
The following lemma together with Theorem 2.6 are required to prove Theorem 2.7.
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Lemma 2.5. Let x := x1, . . . , xs be a sequence of elements of R and set a := 〈x〉. Let M be a finitely
generated R-module and n ≤ s a natural integer. Suppose that every n elements of {x1, . . . , xs} forms a d-
sequence on M . Then the natural R-homomorphism Hi (x, 0 :M a) −→ Hi (x,M) induced by the inclusion
map 0 :M a →֒M is injective for every nonnegative integer i that is satisfying 0 ≤ s− i ≤ n.
Proof. Let i be a nonnegative integer such that 0 ≤ s − i ≤ n and set Ki := Ki (x,M) and Ki :=
Ki (x, 0 :M a). Let Hi and Hi denote the ith homology modules of these complexes; respectively. Since
xj (0 :M a) = 0 for all j = 1, . . . , s, one has Hi = Ki. We have to show that the natural R-homomorphism
Ki −→ Hi (x,M)
z 7→ z + imdi+1
is injective. That is Ki
⋂
imdi+1 = 0. Let x ∈ Ki
⋂
imdi+1. Then
x =
∑
l∈I(i,s)
m´l1...liel1 . . . eli ∈ Ki
and there is
y =
∑
j∈I(i+1,s)
mj1j2...ji+1ej1ej2 . . . eji+1 ∈ Ki+1
such that di+1 (y) = x. So,
∑
l∈I(i,s)
m´l1l2...liel1el2 . . . eli =
∑
j∈I(i+1,s)

i+1∑
p=1
(−1)p−1 xjpmj1j2...ji+1ej1 . . . eˆjp . . . eji+1

 .
Assume that k ∈ I (i, s) and set
Bk := {ℓ ∈ {1, . . . , s}| k can be induced by deleting ℓ from an element of I (i+ 1, s)}.
So, |Bk| = s− i. Hence
m´k1k2...ki ∈ xj1M + xj2M + . . .+ xjs−iM,
where j1, j2, . . . , js−i ∈ Bk. As xj1m´k1k2...ki = 0, [T1, Theorem 1.1] yields that
m´k1k2...ki ∈
(
0 :M xj1
)⋂
〈xj1 , xj2 , . . . , xjs−i〉M = 0.
(Note that, by [G, Lemma 2.2], if a1, . . . , an is a d-sequence on M , then, for each 1 ≤ t ≤ n, a1, a2, . . . , at
is also a d-sequence on M .) 
The next result connects the notion of weak sequences to that of local cohomology.
Theorem 2.6. Let a be an ideal of R and M a finitely generated R-module. Let ℓ be a natural integer
and x1, . . . , xn ∈ a2ℓ. Then the following are equivalent:
(i) x1, . . . , xn is an a
ℓ-weak sequence on M .
(ii) aℓHia (M) = 0 for all 0 ≤ i < n and x1, . . . , xn is an a-filter regular sequence on M .
Proof. (i)=⇒(ii) Suppose that x1, . . . , xn is an aℓ-weak sequence on M . So, x1, . . . , xn is an a-filter
regular sequence on M . Note that by Remark 2.3(A)(iii), x1, . . . , xn is d-sequence on M . Hence, by
Remark 2.3(B)(i),
Γa (M) = Γ〈x1〉 (M) = 0 :M x1 = 0 :M a
ℓ.
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We use induction on n. For n = 1, we are done. Let n > 1 and the result has been proved for n − 1.
As x1, . . . , xn−1 is an a
ℓ-weak sequence on M , the induction hypothesis implies that aℓHia (M) = 0 for
all 0 ≤ i < n − 1. Thus, it remains to show that aℓHn−1a (M) = 0. We have the following two exact
sequences
0 −→ 0 :M x1 →֒M
ρ
−→ x1M −→ 0
and
0 −→ x1M
λ
−→M ։M/x1M −→ 0,
in which all maps are natural. Since 0 :M x1 = Γa (M), we get H
i
a (0 :M x1) = 0 for all i ≥ 1. Hence,
Hn−1a (ρ) is an isomorphism. It induces the given isomorphism in the following display:
ker
(
Hn−1a (λ)
)
∼= ker
(
Hn−1a (λ)H
n−1
a (ρ)
)
= ker
(
Hn−1a (λρ)
)
= ker
(
Hn−1a (x11M )
)
= 0 :Hn−1a (M) x1.
As x2, . . . , xn is an a
ℓ-weak sequence on M/x1M , the induction hypothesis yields that
aℓHn−2a
(
M/x1M
)
= 0.
The exact sequence
Hn−2a
(
M/x1M
)
−→ Hn−1a (x1M)
Hn−1
a (λ)
−→ Hn−1a (M)
implies the exact sequence
Hn−2a
(
M/x1M
)
−→ ker
(
Hn−1a (λ)
)
−→ 0,
and consequently aℓker
(
Hn−1a (λ)
)
= 0. So, aℓ
(
0 :Hn−1a (M) x1
)
= 0. Now, one has
0 :Hn−1a (M) x1 ⊆ 0 :Hn−1a (M) a
ℓ ⊆ 0 :Hn−1a (M) a
2ℓ ⊆ 0 :Hn−1a (M) x1.
Hence, 0 :Hn−1a (M) a
ℓ = 0 :Hn−1a (M) a
2ℓ. It implies that
Hn−1a (M) = Γa
(
Hn−1a (M)
)
= Γaℓ
(
Hn−1a (M)
)
=
⋃
t≥1
0 :Hn−1a (M) a
tℓ
= 0 :Hn−1a (M) a
ℓ,
and so aℓHn−1a (M) = 0.
(ii)=⇒(i) We use induction on n. Let n = 1. As x1 is an a-filter regular sequence on M , Remark
2.3(B)(i) yields that
0 :M x1 ⊆ Γ〈x1〉 (M) = Γa (M) .
Hence,
aℓ (0 :M x1) ⊆ a
ℓΓa (M) = 0.
Thus, x1 is an a
ℓ-weak sequence on M .
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Next, let n > 1 and the result has been proved for n− 1. As x1 is an a-filter regular sequence on M
in a2ℓ, [CQ, Theorem 1.1] implies that
Hia
(
M/x1M
)
∼= Hia (M)
⊕
Hi+1a (M)
for all i < n − 1. So, our assumption implies that aℓHia
(
M/x1M
)
= 0 for all i < n − 1. Thus by the
induction hypothesis, x2, . . . , xn is an a
ℓ-weak sequence on M/x1M . As x1 is an a
ℓ-weak sequence on M ,
we deduce that x1, . . . , xn is an a
ℓ-weak sequence on M . 
Theorem 2.7. Let a be an ideal of R, M a finitely generated R-module and n a natural integer. Then
the following are equivalent:
(i) Any n elements of every f-generating set {x1, . . . , xs} of a with respect to M with s ≥ n form an
unconditioned a-weak sequence on M .
(ii) There exists an f-generating set {x1, . . . , xs} of a with respect to M such that s ≥ n and any n
elements in it form an unconditioned a-weak sequence on M .
(iii) There exists an f-generating set {x1, . . . , xs} of a with respect to M with s ≥ n such that the
natural map λiM : H
i (x1, . . . , xs,M) −→ H
i
a (M) is surjective for all 0 ≤ i ≤ n− 1.
Proof. (i)=⇒(ii) is obvious.
(ii)=⇒(iii) Assume that {x1, . . . , xs} satisfies the given assumptions in (ii) and set x := x1, . . . , xs. Let
1 ≤ i ≤ s. Since
0 :M a
2 ⊆ 0 :M x
2
i ⊆ 0 :M a ⊆ 0 :M a
2,
we have 0 :M a = 0 :M a
2. It implies that
H0a (M) = 0 :M a = 0 :M 〈x〉 = H
0 (x,M) .
Thus, the natural map λ0M is an isomorphism.
We use induction on n. For n = 1, we are done. Let n > 1 and the result has been proved for n − 1.
It is enough to show that λiM is surjective for all 1 ≤ i ≤ n− 1.
First, assume that grade (a,M) ≥ 1. In particular, Γa (M) = 0. Since x21, . . . , x
2
n is an a-weak sequence
on M in a2, Theorem 2.6 implies that aHia (M) = 0 for all 0 ≤ i ≤ n− 1. In particular, x1 H
i
a (M) = 0
for all i < n. Also, we have x1 H
i (x,M) = 0 for all i ≥ 0. Since x1 is an a-filter regular sequence on M ,
x1 is not zero divisor on M . The exact sequence
0 −→M
x1−→M −→M/x1M −→ 0
yields the following commutative diagram with exact rows
0 // Hi−1 (x,M) //

Hi−1
(
x,M/x1M
)
//

Hi (x,M) //

0
0 // Hi−1a (M) // H
i−1
a
(
M/x1M
)
// Hia (M) // 0
for all i < n, where the vertical maps are the canonical homomorphisms. Set R := R/x1R, a := aR and
M := M/x1M . We write x for the image of x ∈ R in R. Since x2, . . . , xs is an unconditioned a-filter
regular sequence on M and every subset of {x2, . . . , xs} with n− 1 elements is an unconditioned a-weak
sequence on M , by induction hypothesis, the natural map Hi
(
x2, . . . , xs,M
)
−→ Hia
(
M
)
is surjective
for all i ≤ n − 2. The R-modules Hi
(
x2, . . . , xs,M
)
and Hi
(
x2, . . . , xs,M
)
are isomorphic. Also, by
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the Independence Theorem for local cohomology the two R-modules Hi〈x2,...,xs〉
(
M
)
and Hi〈x2,...,xs〉
(
M
)
are isomorphic. Therefore, the corresponding natural homomorphisms
Hi
(
x2, . . . , xs,M
)
−→ Hi〈x2,...,xs〉
(
M
)
are surjective for all i ≤ n− 2. By [SV, Corollary 1.7], one has the following commutative diagram with
exact rows
Hi
(
x,M
)
//

Hi
(
x2, . . . , xs,M
)
//

0
Hi〈x〉
(
M
) ∼=
// Hi〈x2,...,xs〉
(
M
)
// 0
for all i ≥ 1. (Note that the assumption R being local is not needed in the proof [SV, Corollary 1.7].) It
follows that Hi
(
x,M
)
−→ Hia
(
M
)
is surjective for all i ≤ n− 2.
Now, the first commutative diagram implies that
Hi (x,M) −→ Hia (M)
is surjective for all i ≤ n− 1.
Now, assume that grade (a,M) = 0. Since x is an unconditioned a-filter regular sequence on M , it
follows that x is an unconditioned a-filter regular sequence on M/Γa (M). We show that every subset
of {x1, . . . , xs} with n elements is an unconditioned a-weak sequence on M/Γa (M). Let {y1, . . . , yn} ⊆
{x1, . . . , xs} and let t1, . . . , tn be positive integers. One has to show that(
〈yt11 , . . . , y
ti−1
i−1 〉M + Γa (M)
)
:M y
ti
i ⊆
(
〈yt11 , . . . , y
ti−1
i−1 〉M + Γa (M)
)
:M a
for every 1 ≤ i ≤ n. Let m ∈
(
〈yt11 , . . . , y
ti−1
i−1 〉M + Γa (M)
)
:M y
ti
i . Then, there exists ℓ ≥ 1 such that
aℓ
(
ytii m
)
⊆ 〈yt11 , . . . , y
ti−1
i−1 〉M . So,
aℓm ⊆ 〈yt11 , . . . , y
ti−1
i−1 〉M :M y
ti
i ⊆ 〈y
t1
1 , . . . , y
ti−1
i−1 〉M :M a.
Hence, m ∈ 〈yt11 , . . . , y
ti−1
i−1 〉M :M a
ℓ+1. On the other hand, we have
〈yt11 , . . . , y
ti−1
i−1 〉M :M a
ℓ+1
⊆ 〈yt11 , . . . , y
ti−1
i−1 〉M :M y
ℓ+1
i
⊆ 〈yt11 , . . . , y
ti−1
i−1 〉M :M a
⊆
(
〈yt11 , . . . , y
ti−1
i−1 〉M + Γa (M)
)
:M a.
As grade
(
a,M/Γa (M)
)
> 0, the natural map λi M
Γa(M)
is surjective for all i ≤ n− 1. The exact sequence
0→ Γa (M)→M →M/Γa (M)→ 0
implies the following commutative diagram
Hi (x,M)
πi
//
λiM

Hi
(
x,M/Γa (M)
)
//
λi M
Γa(M)

Hi+1
(
x,Γa (M)
) µi+1
// Hi+1 (x,M)
Hia (M)
∼=
// Hia
(
M/Γa (M)
)
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with exact top row for all i ≥ 1. By Remark 2.3(A)(iii) every unconditioned a-weak sequence is d-sequence.
By Lemma 2.5, µi is injective for all i ≤ n. So, πi is surjective for i ≤ n − 1. Hence, from the above
commutative diagram, we get that λiM is surjective for all 1 ≤ i ≤ n − 1. Since λ
0
M is an isomorphism,
λiM is surjective for all 0 ≤ i ≤ n− 1.
(iii)=⇒(i) Assume that {w1, . . . , wt} satisfies the given assumptions in (iii). Let {x1, . . . , xs} be an
arbitrary f-generating set of a with respect to M with s ≥ n and set x := x1, . . . , xs. By Definition and
Remark 2.1(v), for each j ≥ 0, we have the following commutative diagram in which all maps are natural
Hj (w1, . . . , wt,M) //

Hj (x,M)

Hj〈w1,...,wt〉 (M)
∼=
// Hj〈x〉 (M) .
It yields that the natural map λjM : H
j (x,M) −→ Hja (M) is surjective for all 0 ≤ j ≤ n− 1.
Let {z1, . . . , zn} ⊆ {x1, . . . , xs} and t1, . . . , tn be positive integers. Set yi := z
ti
i for all 1 ≤ i ≤ n. Let
1 ≤ i ≤ n and set X := {x1, . . . , xs} \ {y1, . . . , yi−1}. We choose α ∈ X . As above for each j ≥ 0, we
have the following commutative diagram
Hj (x,M) //

Hj
(
y1, . . . , yi−1, α,M
)

Hj〈x〉 (M)
// Hj〈y1,...,yi−1,α〉 (M) .
By Remark 2.3(B)(i),
Hj〈x〉 (M)
∼= Hja (M)
∼= H
j
〈y1,...,yi−1,α〉
(M)
for all 0 ≤ j ≤ i− 1. Thus from the above diagram, we see that the natural map
Hj
(
y1, . . . , yi−1, α,M
)
−→ Hj〈y1,...,yi−1,α〉 (M)
is surjective for all 0 ≤ j ≤ i − 1. Hence by Lemma 2.4, y1, . . . , yi−1, α is an u.s.d-sequence on M . Set
M := M/〈y1, . . . , yi−1〉M . By [G, Lemma 2.2(iv)],
〈y1, . . . , yi−1〉M :M α = 〈y1, . . . , yi−1〉M :M α
2.
So 0 :M α = 0 :M α
2. Thus, as α is an a-filter regular sequence on M , one has
Γa
(
M
)
= Γ〈α〉
(
M
)
= 0 :M α.
Now, we have
0 :M yi ⊆ Γ〈yi〉
(
M
)
= Γa
(
M
)
=
⋂
α∈X
(
0 :M α
)
= 0 :M a,
and so 〈y1, . . . , yi−1〉M :M yi ⊆ 〈y1, . . . , yi−1〉M :M a. 
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3. Relative generalized Cohen-Macaulay modules
The class of generalized Cohen-Macaulay modules contains the class of Cohen-Macaulay modules.
Indeed generalized Cohen-Macaulay modules enjoy many interesting properties similar to the ones of
Cohen-Macaulay modules. As a generalization of the notion of Cohen-Macaulay modules, in [RZ] and
[DGTZ], relative Cohen-Macaulay modules were studied. It could be of interest to establish a theory of
relative generalized Cohen-Macaulay modules. To this end, first we specify some notation and facts.
Definition and Remark 3.1. Let a be an ideal of R and M a finitely generated R-module.
(i) If aM 6= M , then htM a ≤ cd (a,M), otherwise one has htMa = +∞ and cd (a,M) = −∞.
(Recall that, by convention, inf ∅ = +∞ and sup ∅ = −∞.)
(ii) Following [BS, Definition 9.1.3], the a-finiteness dimension of M , fa (M), is defined by
fa (M) := inf{i ∈ N| H
i
a (M) is not finitely generated}(
†
= inf{i ∈ N| a * Rad
(
AnnR
(
Hia (M)
))
}
)
.
(The equality † holds by Faltings’ Local-global Principle Theorem [F, Satz 1].)
(iii) If c := cd(a,M) > 0, then by [DV, Corollary 3.3(i)], the R-module Hca (M) is not finitely generated.
So in this case, one has fa (M) ≤ cd(a,M). From this, we can also deduce that if htM a > 0, then
fa (M) ≤ htM a.
(iv) Following [BS, Definitions 9.2.2], we set
λa (M) := inf{depthMp + ht
(
a+ p
p
)
| p ∈ SpecR \V (a)}.
By [BS, Theorem 9.3.7], one has fa (M) ≤ λa (M).
The next lemma is needed in the proof of Theorem 3.3. Theorem 3.3 is one of the main results of
the paper which provides some properties of relative system of parameters whenever the module under
consideration in relative generalized Cohen-Macaulay.
Lemma 3.2. Let a be an ideal of R which is contained in the Jacobson radical of R and M an a-
relative generalized Cohen-Macaulay R-module with c := cd (a,M) > 0. Then fa (M) = λa (M) and
cd
(
a, R/p
)
= c for every p ∈ AssRM \V (a).
Proof. First of all note that the assumption c > 0, implies that AssRM * V (a). Let p ∈ AssRM \V(a).
Then depthRpMp = 0. Using the assumption, [BS, Theorem 9.3.7] and [DNT, Theorem 2.2] yields that
cd (a,M) = fa (M)
≤ λa (M)
≤ depthRpMp + ht
(
a+p
p
)
= ht
(
a+p
p
)
≤ cd
(
a+p
p
, R/p
)
= cd
(
a, R/p
)
≤ cd (a,M) .

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Theorem 3.3. Let a be an ideal of R which is contained in the Jacobson radical of R and M an a-relative
generalized Cohen-Macaulay R-module such that c := cd (a,M) = ara (a,M). Assume that x := x1, . . . , xc
is an a-Rs.o.p of M. Then
(i) x1, . . . , xc is an unconditioned a-filter regular sequence on M .
(ii) M/〈x1, . . . , xi〉M is an a-relative generalized Cohen-Macaulay R-module and
cd
(
a,M/〈x1, . . . , xi〉M
)
= c− i
for all i = 0, . . . , c.
Proof. Clearly if z1, z2, . . . , zc ∈ a is an a-Rs.o.p of M , then for all t1, . . . , tc ∈ N, every permutation of
zt11 , . . . , z
tc
c is also an a-Rs.o.p of M . So to prove (i), it is enough to show that x1, . . . , xc is an a-filter
regular sequence on M . In case c = 0, there is nothing to prove. Hence, we may assume that c > 0. It is
enough to show that the claim holds for i = 1. Set x := x1.
(i) To contrary, assume that there is p ∈ AssRM \V (a) such that x ∈ p. Note that
Rad
(
AnnR
(
M/pM
))
= Rad (p+AnnRM) = Rad p = p.
Thus SuppR
(
M/pM
)
= SuppR
(
R/p
)
, and so by [DNT, Theorem 2.2], cd
(
a, R/p
)
= cd
(
a,M/pM
)
. So
by Lemma 3.2, cd
(
a,M/pM
)
= c. As x ∈ p, one has a natural R-epimorphism M/xM −→M/pM , and
hence SuppR
(
M/pM
)
⊆ SuppR
(
M/xM
)
, by employing [DNT, Theorem 2.2] again. Therefore,
c = cd
(
a,M/pM
)
≤ cd
(
a,M/xM
)
.
On the other hand, by [DGTZ, Lemma 2.4], cd
(
a,M/xM
)
= c−1, which yields our desired contradiction.
(ii) Now, we prove that M/xM is an a-relative generalized Cohen-Macaulay R-module. One has
cd
(
a,M/xM
)
= c− 1. So if c = 1, the claim holds. Hence, we may assume that c > 1. Note that
fa
(
M/xM
)
≤ cd
(
a,M/xM
)
= c− 1.
Thus, to complete the proof, we need to show that Hia
(
M/xM
)
is finitely generated for all 0 ≤ i ≤ c− 2.
Since H0a
(
M/xM
)
is finitely generated, we can assume that 1 ≤ i ≤ c− 2. Since x is an a-filter regular
sequence on M , x is non-zero divisor on M/Γa (M). Applying the functor H
i
a (−) on the exact sequence
0 −→M/Γa (M)
x
−→M/Γa (M) −→M/
(
xM + Γa (M)
)
−→ 0,
yields the following exact sequence
Hia
(
M/Γa (M)
)
−→ Hia
(
M/
(
xM + Γa (M)
))
−→ Hi+1a
(
M/Γa (M)
)
.
Since Hja
(
M/Γa (M)
)
∼= Hja (M) is finitely generated for j = i, i + 1, the above exact sequence implies
that Hia
(
M/
(
xM + Γa (M)
))
is finitely generated. From the exact sequence
0 −→
(
xM + Γa (M)
)
/xM −→M/xM −→M/
(
xM + Γa (M)
)
−→ 0,
we obtain the following exact sequence
Hia
((
xM + Γa (M)
)
/xM
)
−→ Hia
(
M/xM
)
−→ Hia
(
M/
(
xM + Γa (M)
))
As
(
xM + Γa (M)
)
/xM is a-torsion, it follows that Hia
((
xM + Γa (M)
)
/xM
)
= 0. So, the above exact
sequence implies that Hia
(
M/xM
)
is finitely generated. 
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Part (ii) of the following example provides an ideal a and an a-relative generalized Cohen-Macaulay
R-module M such that a contains no a-Rs.o.p of M .
Example 3.4. (i) Let a be an ideal of R. Any finitely generated R-module with cd (a,M) = 1 is an
a-relative generalized Cohen-Macaulay R-module.
(ii) Let K be a field and S := K[[X,Y, Z,W ]]. Consider the elements f := XW−Y Z, g := Y 3−X2Z
and h := Z3−Y 2W of S and set R := S/〈f〉 and a := 〈f, g, h〉/〈f〉. Then R is a Noetherian local
ring of dimension 3, cd (a, R) = 1 and ara (a, R) ≥ 2; see [HS, Remark 2.1(ii)]. As ara (a, R) 6=
cd (a, R), it follows that a contains no a-Rs.o.p of R. But, by (i) R is an a-relative generalized
Cohen-Macaulay.
The following result provides a characterization of a-relative generalized Cohen-Macaulay modules by
using a-weak sequences.
Proposition 3.5. Let a be an ideal of R which is contained in the Jacobson radical of R and M a finitely
generated R-module. Suppose that cd (a,M) = ara (a,M). Then the following condition are equivalent:
(i) M is a-relative generalized Cohen-Macaulay.
(ii) There is an integer ℓ such that every a-Rs.o.p of M is an aℓ-weak sequence on M .
Proof. (i)=⇒(ii) By Theorem 3.3, every a-Rs.o.p of M is an a-filter regular sequence on M . So, the
assertion follows by [KS, Theorem (i)⇒(iii)].
(ii)=⇒(i) It follows by [KS, Theorem (iv)⇒(i)]. 
Proposition 3.6. Let a be an ideal of R and M be an a-relative generalized Cohen-Macaulay R-module
with cd (a,M) > 0. Then Mp is Cohen-Macaulay for every p ∈ SuppRM with p $ a.
Proof. Let p ∈ SuppRM such that p $ a. Then p ∈ SuppRM \V (a). One has
cd (a,M) = fa (M)
≤ λa (M)
≤ depthRpMp + ht
(
(a+ p) /p
)
= depthRpMp + ht
(
a/p
)
≤ dimRpMp + ht
(
a/p
)
≤ htMa
≤ cd (a,M) .
Thus depthRp Mp = dimRp Mp, as required. 
4. Relative Buchsbaumness
We start this section by the following characterization of relative quasi Buchsbaum modules.
Theorem 4.1. Let a be an ideal of R and M a finitely generated R-module with cd (a,M) = ara (a,M).
Consider the following conditions:
(i) M is a-relative quasi Buchsbaum.
(ii) There is an a-Rs.o.p of M contained in a2 which is an a-weak sequence on M .
(iii) aHia (M) = 0 for all 0 ≤ i < cd (a,M).
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Then (i) implies (ii) and (ii) implies (iii). Furthermore if a is contained in the Jacobson radical of R,
then (iii) implies (i).
Proof. (i)=⇒(ii) holds by the definition.
(ii)=⇒(iii) follows by Theorem 2.6.
(iii)=⇒(i) Assumption (iii) implies that M is a-relative generalized Cohen-Macaulay. Let x1, . . . , xc ∈
a2 be an a-Rs.o.p of M . By Theorem 3.3, the sequence x1, . . . , xc is an a-filter regular sequence on M .
So, by Theorem 2.6, it turns out that x1, . . . , xc is an a-weak sequence on M . 
Goto in [G, Corollary 2.8] proved that a finitely generated R-module M is Buchsbaum if and only if
every system of parameters of M forms a d-sequence on M . Accordingly, the authors tried to show that
the conditions (iii) and (iv) in the following result are equivalent, but so far without success.
Theorem 4.2. Let a be an ideal of R and M a finitely generated R-module. Assume that c := cd (a,M) =
ara (a,M) > 0. Consider the following conditions:
(i) For every generating set {b1, . . . , bt} of a, the natural map λiM : H
i (b1, . . . , bt,M) −→ H
i
a (M) is
surjective for all 0 ≤ i ≤ c− 1.
(ii) There exists an f -generating set {a1, . . . , as} of a with respect to M such that the natural map
λiM : H
i (a1, . . . , as,M) −→ H
i
a (M) is surjective for all 0 ≤ i ≤ c− 1.
(iii) M is a-relative Buchsbaum.
(iv) Every a-Rs.o.p of M is an u.s.d-sequence on M .
Then (i) and (ii) are equivalent and (iii) implies (iv). Furthermore if a is contained in the Jacobson
radical of R, then (i) implies (iii).
Proof. (i)=⇒(ii) is clear by Remark 2.3(B)(ii).
(ii)=⇒(i) Let {b1, . . . , bt} be a generating set of a. By Definition and Remark 2.1(v), one has the
following commutative diagram
Hi (a1, . . . , as,M) //

Hi (b1, . . . , bt,M)

Hia (M)
∼=
// Hia (M)
for all 0 ≤ i ≤ c− 1. It implies that Hi (b1, . . . , bt,M) −→ H
i
a (M) is surjective for all 0 ≤ i ≤ c− 1.
(iii)=⇒(iv) follows by Remark 2.3(A)(iii).
(i)=⇒ (iii) Let x1, . . . , xc ∈ a be an a-Rs.o.p of M . The assumption implies that aH
i
a (M) = 0 for
0 ≤ i ≤ c− 1. Hence by Theorem 3.3, x1, . . . , xc is an unconditioned a-filter regular sequence on M . We
can find z1, . . . , zl in a such that a = 〈x1, . . . , xc, z1, . . . , zl〉. As in the proof of [TZ, Proposition 1.2], there
are w1, . . . , wl in a such that a = 〈x1, . . . , xc, w1, . . . , wl〉 and x1, . . . , xc, w1, . . . , wl is an unconditioned
a-filter regular sequence onM . By the hypothesis, the natural map Hi (x1, . . . , xc, w1, . . . , wl) −→ H
i
a (M)
is surjective for all 0 ≤ i ≤ c− 1. The claim follows from Theorem 2.7. 
Next, we provide the comparison between the classes of modules which are introduction in Definition
1.1.
Corollary 4.3. (i) Any a-relative Cohen-Macaulay R-module is a-relative surjective Buchsbaum.
16 K. DIVAANI-AAZAR, A. GHANBARI DOUST, M. TOUSI AND HOSSEIN ZAKERI
(ii) If the ideal a is contained in the Jacobson radical of R andM is an a-relative surjective Buchsbaum
R-module with cd (a,M) = ara (a,M), then M is a-relative Buchsbaum.
(iii) Any a-relative Buchsbaum R-module is a-relative quasi Buchsbaum.
(iv) Any a-relative quasi Buchsbaum R-module is a-relative generalized Cohen-Macaulay.
Proof. (i) and (iii) are obvious by the definitions.
(ii) Let a = 〈x1, . . . , xs〉. By [SV, Lemma 1.5], we have the following commutative diagram
ExtiR
(
R/a,M
) ϕiM
//
ψiM

Hia (M)
Hi (x1, . . . , xs,M)
λiM
77
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
♦
Since ϕiM is surjective for all i < c := cd(a,M) and λ
i
Mψ
i
M = ϕ
i
M , we deduce that λ
i
M is surjective for
all i < c. Thus the claim follows by Theorem 4.2.
(iv) Theorem 4.1 implies that aHia (M) = 0 for all i < cd (a,M). Then by Faltings’ Local-global
Principle Theorem [F, Satz 1], Hia (M) is finitely generated for all i < cd (a,M). Thus, either cd (a,M) ≤ 0
or cd (a,M) = fa (M). 
Below, we record another corollary of Theorem 4.2.
Corollary 4.4. Let (R,m) be a Buchsbaum ring. Let a be an ideal of R which is generated by a part of
a system of parameters of R. Then R is an a-relative Buchsbaum R-module.
Proof. Let d := dimR. Suppose that a := 〈x1, x2, . . . , xn〉, where x1, . . . , xn, . . . , xd is a system of
parameters of R. By the definition of Buchsbaum rings, it turns out that x1, . . . , xn is an unconditioned
m-weak sequence on R. In view of Remark 2.3(B)(i) and Grothendieck’s Non-vanishing Theorem, we
have
Hd−nm
(
Hna (R)
)
∼= Hd−nm
(
Hn〈x1,...,xn〉(R)
)
∼= Hdm(R) 6= 0.
Hence, Hna (R) 6= 0, and so cd(a, R) = n = ara(a, R).
On the other hand, Remark 2.3(A)(iii) implies that x1, . . . , xn is an u.s.d-sequence on R. So, by [G,
Theorem 2.6], the canonical map
Hi(x1, . . . , xn, R) −→ H
i
〈x1,...,xn〉(R)
is surjective for all 0 ≤ i ≤ n − 1. Also, Remark 2.3(A)(ii) yields that x1, . . . , xn is an unconditioned
a-filter regular sequence on R. Thus, by Theorem 4.2, R is a-relative Buchsbaum. 
The following example shows that the condition a is contained in the Jacobson radical of R is necessary
in Corollary 4.3(ii).
Example 4.5. Let k be a field and u, v, w be independent variables. Consider the polynomial ring
R := k[u, v, w]. Set a1 := v (1− u), a2 := w (1− u), a3 := u and a := 〈a1, a2, a3〉. Note that a is not
contained in the Jacobson radical of R and a = 〈u, v, w〉. We have Hia (R) = 0 for every 0 ≤ i < 3
and H3a (R) 6= 0. So, cd (a, R) = ara (a, R) = 3. Hence, R is a-relative Cohen-Macaulay. If R is a-
relative Buchsbaum, then by Theorem 4.2 the sequence a1, a2, a3 is a d-sequence. On the other hand,
v ∈ 〈a1〉 :R a2a3, but v /∈ 〈a1〉 :R a3. So, a1, a2, a3 is not a d-sequence on R.
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Proposition 4.6. Let a be an ideal of R which is contained in the Jacobson radical of R and M a finitely
generated R-module with cd (a,M) = ara (a,M) . Assume that r := grade (a,M) < c := cd (a,M) and
Hia (M) = 0 for all i 6= r, c. Then the following are equivalent:
(i) M is a-relative surjective Buchsbaum.
(ii) M is a-relative Buchsbaum.
(iii) M is a-relative quasi Buchsbaum.
Proof. (i)=⇒(ii) and (ii)=⇒(iii) follow by Corollary 4.3.
(iii)=⇒(i) Since grade (a,M) = r, [AS, Lemma 2.5(b)] implies the following natural R-isomorphism
ExtrR
(
R/a,M
)
∼= HomR(R/a,H
r
a (M)).
As M is a-relative quasi Buchsbaum, Theorem 4.1 implies that aHra(M) = 0, and so one deduces the
natural R-isomorphism ExtrR
(
R/a,M
)
∼= Hra (M). Thus, M is a-relative surjective Buchsbaum. 
The following lemma is needed in the proof of Theorem 4.8.
Lemma 4.7. Let a be an ideal of R and M a finitely generated R-module. Let n be a natural integer and
x1, . . . , xn ∈ a. If aΓ〈xk+1〉
(
M/〈x1, . . . , xk〉M
)
= 0 for all 0 ≤ k ≤ n− 1, then x1, . . . , xn is both a-weak
sequence on M and d-sequence on M .
Proof. Let 0 ≤ k ≤ n− 1 and set N := M〈x1,...,xk〉M . We have
0 :N xk+1 ⊆ 0 :N x2k+1
⊆ Γ〈xk+1〉 (N)
= 0 :N a
⊆ 0 :N 〈x1, . . . , xn〉
⊆ 0 :N xk+1.
Thus 0 :N xk+1 = 0 :N a, and so x1, . . . , xn is an a-weak sequence on M .
Since 0 :N x
2
k+1 = 0 :N 〈x1, . . . , xn〉, by [T1, Theorem 1.1(v)], one deduces that x1, . . . , xn is a
d-sequence on M . 
The notion of relative system of parameters plays an important role in the proof of the next result
which establishes a characterization of relative Buchsbaum modules in terms of relative quasi Buchsbaum
modules.
Theorem 4.8. Let a be an ideal of R which is contained in the Jacobson radical of R and let M be a
finitely generated R-module with c := cd (a,M) = ara (a,M). Then the following are equivalent:
(i) For every a-Rs.o.p x1, . . . , xc of M , aΓ〈xk+1〉
(
M/〈x1, . . . , xk〉M
)
= 0 for all 0 ≤ k ≤ c− 1.
(ii) M is a-relative Buchsbaum.
(iii) For every a-Rs.o.p x1, . . . , xc ∈ a and every 0 ≤ k ≤ c − 1, the R-module M/〈x1, . . . , xk〉M is
a-relative quasi Buchsbaum.
Proof. (i)=⇒(ii) By Lemma 4.7, every a-Rs.o.p of M is an a-weak sequence on M . So, M is a-relative
Buchsbaum.
(ii)=⇒(iii) Let M be an a-relative Buchsbaum R-module and x1, . . . , xc be an a-Rs.o.p of M . Let
0 ≤ k ≤ c − 1. Note that x´ := x1, . . . , xk, x2k+1, . . . , x
2
c is also an a-Rs.o.p of M . Hence, x´ is an a-weak
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sequence on M . So, x2k+1, . . . , x
2
c is an a-weak sequence on M/〈x1, . . . , xk〉M . Thus, by Theorem 2.6,
aHia
(
M/〈x1, . . . , xk〉M
)
= 0 for all 0 ≤ i < c− k. Also, by [DGTZ, Lemma 2.4], it turns out that
cd(a,M/〈x1, . . . , xk〉M) = ara(a,M/〈x1, . . . , xk〉M) = c− k.
Therefore, by Theorem 4.1, M/〈x1, . . . , xk〉M is a-relative quasi-Buchsbaum.
(iii)=⇒(i) Let x1, . . . , xc be an a-Rs.o.p of M and let 0 ≤ k ≤ c − 1. By the assumption and
Corollary 4.3, M/〈x1, . . . , xk〉M is a-relative generalized Cohen-Macaulay. Since by [DGTZ, Lemma 2.4],
xk+1, . . . , xc is an a-Rs.o.p of M/〈x1, . . . , xk〉M , Theorem 3.3(i) implies that xk+1, . . . , xc is an a-filter
regular sequence on M/〈x1, . . . , xk〉M . Therefore, by Remark 2.3(B)(i)
Γa
(
M/〈x1, . . . , xk〉M
)
= Γ〈xk+1〉
(
M/〈x1, . . . , xk〉M
)
,
and so Theorem 4.1 yields that aΓ〈xk+1〉
(
M/〈x1, . . . , xk〉M
)
= 0. 
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